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Abstract
New non-perturbative interactions in the effective action of two dimensional
string theory are described. These interactions are due to “stringy” instan-
tons.
INTRODUCTION
Non perturbative effects in string theory
are important. To someone familiar with
weakly coupled quantum field theories that
may sound a little strange. After all, non-
perturbative effects are much smaller than
perturbative effects in such theories. Typi-
cally, in a weakly coupled field theory, non-
perturbative effects have strength e−1/g
2
com-
pared to perturbative quantities that have
strength g2, where g is the coupling param-
eter of the theory. For example if g2 = .3
the ratio of these numbers is about 1 : 100.
The only case in which non-perturbative quan-
tities are important is when their value in per-
turbation theory vanishes. This is the situ-
ation in superstring theory for a number of
important quantities, e.g., the size of super-
symmetry breaking(1). The smallness of non-
perturbative effects is actually an advantage in
string theory because it may explain the small
ratio of the electroweak scale and Planck scale.
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To confront string theory with the real ob-
servable world we have to understand the
source of non-perturbative interactions in
string theory and know how to calculate them.
Matrix models, and especially d = 1 matrix
models(2), offer a unique opportunity to ob-
tain some insight into non-perturbative string
theory. Certain matrix models have associated
with them very simple string theories with a
low number of degrees of freedom, propagat-
ing in a low number of space-time dimensions.
The d = 1 matrix model is the most com-
plicated matrix model which can still be ex-
actly solved. On the other hand, it describes
the simplest space-time dynamics which is still
interesting. In the double scaling limit, the
d = 1 matrix model describes strings propa-
gating in one time dimension and one spatial
dimension. An equivalent description is given
in terms of a bosonic collective field theory(3)
in 1 + 1 dimensions of one massless field. No-
table features of collective field theory is that
the kinetic energy is not canonical and the the-
ory is not Lorentz invariant.
The d = 1 matrix models, or the equiva-
lent field theories have the power to describe
non-perturbative phenomena in the associated
1 + 1 string theories. This is interesting by it-
1
self. However, there may well be some gen-
eral features of non-perturbative string the-
ory that are common to all string theories,
including more complicated theories in higher
dimensions such as d = 4. By studying the
generic features of non-perturbative behaviour
in 1+1 dimensional string theories, as we do in
this talk, one may learn about more realistic
4-dimensional string theories. It is of interest
to ask whether or not there is any indication
in string theory of common, non-perturbative
behaviour. The answer(4) is yes!
First recall that in quantum field theory
there is a well known connection between the
large order behaviour of amplitudes and non-
perturbative effects. Typically, amplitudes
grow as G! where G is the number of loops,
while non-perturbative effects have strength
e−1/g
2
, where g is the coupling constant of
the theory. Both of these facts follow from
the existence of non-trivial classical solutions
of the equations of motion of the field the-
ory in Euclidean space, i.e. instantons. The
magnitude of the non-perturbative effects due
to non-trivial solutions in a field theory with
one dimensionless coupling parameter g can
be estimated using a simple scaling argument.
Since the coupling parameter in this case can
be scaled away, the action can be written as
S(φ, g) = 1/g2S˜(φ˜), where S˜ does not depend
on g. Therefore, any classical Euclidean solu-
tion with finite action has an action of order
1/g2. The magnitude of large order terms in
the perturbative expansion can also be esti-
mated by counting Feynman diagrams. The
number G! basically comes from the number
of diagrams.
Large order growth of perturbative ampli-
tudes is a common feature of matrix mod-
els and more complicated string theories(4).
For a review of large order behaviour of ma-
trix model amplitudes see ref.(5). All ma-
trix models, as well as critical bosonic string
theory in 26 dimensions, exhibit a strange
phenomenon. The magnitude of G’th order
amplitudes in perturbation theory grow like
(2G)!. It turns out that, in much the same way
as G! behaviour corresponds to e−1/g
2
non-
perturbative effects in quantum field theory, in
matrix models the large order (2G)! behaviour,
would correspond to non-perturbative effects
of strength e−1/g. How do these peculiar ef-
fects arise? In matrix models, there is a new
type of instanton, involving a single eigen-
value, that is responsible for these effects.
We expect that string theory is described
at low energies by an effective field theory
with one dimensionless coupling parameter. In
view of the above scaling argument in quan-
tum field theory, it is of interest to ask how an
instanton action of order 1/g can ever arise,
in such an effective field theory. We found
that in matrix models, the associated effec-
tive action does not obey the same scaling
argument, S(φ, g) 6= 1/g2S˜(φ˜). Instead, one
finds that g cannot be completely scaled out
of S˜ due to “scale breaking terms”. That is
S(φ, g) = 1/g2S˜(φ˜, g). It follows that a non-
trivial solution can be a function of g. Fur-
thermore, if for such a solution S˜ ∼ g, then
S ∼ 1/g. This is exactly what happens for
one eigenvalue instantons.
In this talk, the role of these “stringy” in-
stantons in the effective field theory of string
theory is discussed and the non-perturbative
interactions that they produce are derived.
For a more detailed and extensive discussion
of the issues in this talk, as well as a compre-
hensive list of references, the interested reader
is refered to the original papers(6).
EFFECTIVE FIELD THEORY FOR STRINGS
Collective field theory for d = 1matrix mod-
els is written in terms of the density of eigen-
values, φ(x, t) =
∑
δ(x − λi(t)) where λi are
the eigenvalues of the matrix. The size of the
matrix, N , is very large. The field φ is called
the collective field. The Lagrangian density of
this collective field theory is
Leff = 1
2
x∫
φ˙
x∫
φ˙
φ
− pi
2
6
φ3 − 1
2
(
1
g
− x2)φ (1)
It is obvious that the field φ does not have
canonical kinetic energy and that the theory is
not Lorentz invariant. These deficiencies will
be corrected soon. For a review of perturba-
tive results of collective field theory see ref.(7).
The classical equations of motion are not the
usual field equations(6). Instead they are
∂x
 x∫ dy∂t
y∫
φ˙
φ
−
x∫
φ˙
x∫
φ˙
2φ2
−pi
2
2
φ2−1
2
(
1
g
−x2)

|x=λi(t)
= 0
(2)
where the index i now runs over i = 1, ..., N →
∞.
These equations allow solutions of high den-
sity regions where φ >> 1 and low density
regions. The static, high density, solution of
these equations is very simple
φ0 =
1
pi
√
x2 − 1
g
(3)
where |x| ≥
√
1
g
. This static solution is dis-
played in Figure 1.
Figure 1. The potential and static, high density,
solution of collective field theory.
There are also interesting time dependent
Euclidean solutions to Eq.(2).
φinst(x, θ) = δ
(
x− 1√
g
cos(θ − θ0)
)
(4)
This is an instanton that corresponds to tun-
neling of one eigenvalue across the barrier from
x =
√
1
g
at Euclidean time θ = θ0 to x = −
√
1
g
at θ = θ0 + pi. Note that the classical solution
in Eq.(4) is not a solution of the Euclidean
continuation of of the unconstrained field the-
ory equations of motion. The action of this
one eigenvalue instanton is pi/g, as mentioned
in the introduction.
The collective field theory Lagrangian den-
sity, expression (2), has two notable deficien-
cies. First, the kinetic energy term is not in
canonical form. This means that we have not
identified correctly the canonical field of the
theory. Second, and more important, the co-
ordinate x appears in the potential energy and
therefore Lorentz invariance seems to be bro-
ken explicitly. We remove both deficiencies.
The first, following ref.(3), by a field redefini-
tion ∂xζ = φ−φ0 and a coordinate redefinition
x→ τ = 1
pi
x∫ dy
φ0
. The second, following ref.(8),
by enlarging the theory to include a new field,
D. The non-trivial vacuum expectation value
of this new field is responsible for the spon-
taneous breaking of Lorentz invariance. The
resulting action for the fields D,ζ in the new
coordinates is
S =
∫
dtdτ
{
1
2
∇ζ · ∇ζ
1 + 2
√
pi e
D
(1− 1g eD)
2∇ζ ·∇D
−
√
pi
4
eD(
1− 1
g
eD
)2 (∇ζ · ∇D)31 + 2√pi eD
(1− 1g eD)
2∇ζ · ∇D
−
√
pi
12
eD(
1− 1
g
eD
)2 (∇ζ · ∇D)3 (5)
− 1
384pi
e−2D
[
1− 1
g
eD
]4 [
(∇D)2 − 4
]}
The kinetic energy for ζ is clearly canonical,
and Lorentz invariance is manifest. The action
is also invariant under an unexpected(9) shift
symmetry ζ → ζ + const. The field ζ has no
potential, only derivative interactions. This is
similar to the dilaton interactions in the criti-
cal bosonic string and the corresponding com-
plex field, S, in the superstring. The param-
eter g appears in the action (5) only through
the coupling parameter of the effective theory,
which is g(D) = 4
√
pi e
D
(1− 1g eD)
2 . Thus g cannot
be absorbed into a redefinition ofD and scaled
away from the effective action. The coupling
parameter g(D) is an example of the “scale
breaking” terms that were discussed in the in-
troduction.
The general solution of the equations of mo-
tion derived from (5) is given by
< D >= a(t−t¯)+b(τ−τ¯ ), < ζ >= 1
g
+c (6)
where a, b, c, t¯ and τ¯ are real parameters, b2 −
a2 = 4 and c, t¯, τ¯ are arbitrary. An interesting
vacuum solution, which is a combination of
two solutions is < ζ >= 1
g
and < D >= −2τ
for τ ≥ ln
√
1
g
, henceforth called region I, and
< D >= −2(τ − 2 ln
√
1
g
+ pi) for τ ≤ ln
√
1
g
−
pi, henceforth called region III. The effective
coupling parameter in region I is g− and in
region III is g+. The spatial interval ln
√
1
g
−
pi ≤ τ ≤ ln
√
1
g
is called region II. We plot
the effective coupling parameters in Figure 2.
Figure 2. Effective coupling parameters in different
regions of space.
The two dashed “walls” in Figure 2 mark the
boundaries of the regions. As can be seen from
Figure 2, in the regions far away from the two
walls, the coupling parameters are small and
we expect the effective field theory (5) to pro-
vide a good description of physics. Near the
“walls” the coupling parameters blow up. Re-
gion II is unknown territory.
We use low density collective field theory as
a guide in the unknown territory, region II.
Comparing the low density collective field the-
ory solution to the solution of the effective field
theory we see that in region II their solutions
should be the same.
Figure 3. Instanton tunneling between regions I
and III . The static solutions are also shown.
In Euclidean space the solution is therefore
the instanton of Eq.(4), expressed in the new
coordinates
φinst(τ, θ) =
1
sin(θ − θ0)δ
(
τ−[ln
√
1
g
−(θ−θ0)]
)
(7)
This is an instanton which corresponds to
the tunneling of a single eigenvalue across
the barrier from τ = ln
√
1
g
at θ = θ0 to
τ = ln
√
1
g
− pi at θ = θ0 + pi. Note that
the velocity of the eigenvalue at either side of
the barrier vanishes. Therefore, the Euclidean
conjugate momentum of the instanton in re-
gion II, matches continuously at the bound-
aries with the vanishing conjugate momentum
of the static vacua φ0 in regions I and III.
We represent this tunneling process in Figure
3.
The action (5) is the effective space-time
action that corresponds to string theories de-
scribed by the following σ-model(7,8)
I = 1
4pi
∫
d2z
√
gˆ
{
gˆαβGµν∂αX
µ∂βX
ν +
RˆD(X) + 2T (X)
}
(8)
where gˆαβ is the fixed world sheet metric with
Euclidean signature and Rˆ is the correspond-
ing Ricci scalar. The sigma model field Xµ
stands for two scalar fields, X0(z), and X1(z).
The field Gµν(X) is the target space met-
ric, assumed here to have Euclidean signature,
D(X) is the dilaton, and T (X) is the tachyon.
The field ζ is related to the tachyon ζ ∝ Te−D.
The instanton shown in Figure 3 is therefore
a “stringy instanton”.
NON-PERTURBATIVE INTERACTIONS
We integrate over the instantons and repre-
sent their effects as effective terms in the D,ζ
theory. Since ζ is the light field we restrict our
attention to ζ operators. The effective oper-
ators are especially important. They provide
the bridge between the discrete sector of the
theory and the continuous sector. A more de-
tailed analysis is given in ref.(6).
The instanton has three parameters, τ¯ , θ0
and α. The parameters τ¯ and θ0 were defined
in Eqs.(6) and (7). The parameter α is related
to the parameter a in the Euclidean space con-
tinuation of Eq.(6), a = 2 sinα. Changing α
results in the rotation of the vacuum solution
in τ − θ space. There are three zero modes
corresponding to the three broken generators
of the Euclidean group associated with τ¯ , θ0,
α. These have to be integrated and produce a
volume factor V ol ∝ ∫ dτ¯dθ0dα.
The dilute gas summation over instantons
induces effective terms in the D,ζ Lagrangian.
The most general action induced by instantons
is ∆S =
∫
dτdθ{∑
n
CnOn(τ, θ)}, where On are
local operators built from D and ζ and their
derivatives. The coefficients Cn can be com-
puted by expanding the action around the in-
stanton background. All the coefficients Cn
are proportional to the universal factor of the
exponent of the instanton action and the re-
maining factor depends on the particular oper-
ator that is considered. Since the “size” of the
instanton is
√
g, the dimension of the operator
determines the g dependence of Cn. That is
Cn = C˜ng
d(n)e−
pi
g (9)
where d(n) = [dimension(On)]
1
2 − 1 and C˜n is
a numerical coefficient. The coefficient C˜n is
not expected to be particularly large or par-
ticularly small.
We are interested in large 1
g
that corre-
sponds to small g. In that case the dominant
and most interesting operator is the unit op-
erator. All other operators are suppressed by
powers of g. The coefficient of the unit opera-
tor is given by C0 = C˜0 1ge
−pi
g . This result was
obtained in the background of a constant field
< ζ >= 1
g
. Lorentz invariance then dictates
that at least for slowly varying fields the effec-
tive operator depends on the full field ζ and
not just its constant mode 1
g
. Therefore the
final result of the induced operator is
∆L0 = C˜0ζe−piζ (10)
written in terms of the tachyon T the induced
operator is
∆L0 = C˜0Te−De−piTe−D (11)
This operator breaks the ζ shift symmetry.
It induces a runaway non-perturbative poten-
tial for the field ζ . Similar effects due to field
theoretic non-perturbative interactions occur
in more complicated string theories(1). Recall
that in more complicated theories the dilaton
has only derivative interactions and no poten-
tial. Known field theoretic non-perturbative
interactions induce a runaway potential for the
dilaton and break the dilaton shift symmetry.
These effects, however, are of typical field the-
ory strength i.e. e1/g
2
. In the superstring, the
appearance of a potential for the S field signals
supersymmetry breaking.
It is therefore tempting to conjecture that
stringy instantons similar to our stringy
instantons appear in 4-dimensional super-
string theories and that they induce non-
perturbative operators of the type discussed
above. In that case these operators are ex-
pected to be proportional to the universal fac-
tor e−
√
S, where S is a complex field that nat-
urally appears in the effective low energy su-
pergravity field theory obtained from super-
string theory. The dilaton is related to the
real part of S, < ReS >∼ 1
g2
. Note that the
non-perturbative effects considered previously
in the literature induced operators of field the-
ory strength, and therefore are proportional
to the universal factor e−S. Since the cou-
pling parameter g is expected to be small, the
difference between these two universal factors
can be big. If indeed such non-perturbative
‘stringy” interactions occur, they may have
important phenomenological consequences.
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